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Abstract
We prove the extremal function for K=
9
minors, where K=
9
denotes the complete
graph K9 with two edges removed. In particular, we show that any graph with n
vertices and at least 6n − 20 edges either contains a K=
9
minor or is isomorphic to a
graph obtained from disjoint copies of K8 and K2,2,2,2,2 by identifying cliques of size 5.
We utilize computer assistance to prove one of our lemmas.
Keywords: extremal function, graph minor
1 Introduction
All graphs considered are simple and finite. We use V (G), |G|, E(G), e(G), δ(G), ∆(G),
and G to denote the vertex set, number of vertices, edge set, number of edges, minimum
degree, maximum degree, and complement of a graph G, respectively. Given S, T ⊆ V (G),
∗E-mail address: msrolek@wm.edu.
1
we denote by e(S, T ) the number of edges of G with one end in S and one end in T . We
denote by G[S] the subgraph of G induced by S, and by G − S the subgraph G[V (G) \ S]
of G. If S = {x}, we simply write G − x in the latter case. For uv ∈ E(G), we denote by
G + uv the graph obtained from G by adding an edge joining u and v. The union (resp.
intersection) of two graphs G and H , denoted G∪H (resp. G∩H), is the graph with vertex
set V (G) ∪ V (H) (resp. V (G) ∩ V (H)) and edge set E(G) ∪ E(H) (resp. E(G) ∩ E(H)).
The join of two graphs G and H , denoted G∨H , is the graph with vertex set V (G)∪V (H)
and edge set E(G) ∪ E(H) ∪ {uv : u ∈ V (G), v ∈ V (H)}. If G contains H as a minor, we
denote this by G ≥ H . G/xy denotes the graph obtained from G by contracting the edge
xy. A vertex x is complete to a set S if x is adjacent to every vertex of S. We use dG(x) to
denote the degree of a vertex x in the graph G. Given a subgraph H of G, we define N(H)
to be the set of vertices of V (G) \ V (H) with a neighbor in V (H).
Given a graph property P, the extremal function for P determines the maximum number
of edges a graph on n vertices may have while not satisfying property P. Extremal graph
theory began when Tura´n [22] determined the extremal function for Kt subgraphs. He
further characterized all such graphs attaining this maximum number of edges, the well-
known Tura´n graphs. Dirac [2] was the first to consider the natural extension to Kt minors.
When considering Kt minors instead of Kt subgraphs, the problem is much more difficult to
solve, and the extremal function is known only for t ≤ 9. Dirac [2] showed for t ≤ 5, and
Mader [11] for t ∈ {6, 7}, that any graph on n ≥ t vertices with at least (t− 2)n−
(
t−1
2
)
+ 1
edges has a Kt minor. The case t = 6 was also independently shown by Gyo¨ri [5].
For t ≥ 8, there exist families of graphs with (t− 2)n−
(
t−1
2
)
+1 edges, but which do not
contain a Kt minor. To describe these families, we define an (H1, H2, k)-cockade recursively
as follows. Any graph isomorphic to either H1 or H2 is an (H1, H2, k)-cockade. Now given
two (H1, H2, k)-cockades G1 and G2, we let G be the graph obtained from G1 and G2 by
identifying a clique of size k in G1 with a clique of size k in G2. Then G is an (H1, H2, k)-
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cockade, and every (H1, H2, k)-cockade can be constructed in this fashion. IfH1 is isomorphic
to H2, we simply write (H1, k)-cockade. Jørgensen [10] showed that any graph on n ≥ 8
vertices with at least 6n− 20 edges either has a K8 minor or is a (K2,2,2,2,2, 5)-cockade, and
Song and Thomas [19] showed any graph on n ≥ 9 vertices with at least 7n − 27 edges
either has a K9 minor or is a (K1,2,2,2,2,2, 6)-cockade, or is isomorphic to K2,2,2,3,3, settling
the cases t = 8 and t = 9, respectively. The extremal function for Kt minors remains open
for t ≥ 10. Note that in a certain sense there is only one minimal counterexample for the
case t = 8, namely K2,2,2,2,2, and two for the case t = 9, namely K1,2,2,2,2,2 and K2,2,2,3,3.
As pointed out by Song [18], there are at least eight minimal counterexamples for the case
t = 10, and Thomas and Zhu (see [20]) have conjectured that there are no further minimal
counterexamples.
As a simplification, the extremal function for K−t minors has been investigated, where
K−t is the complete graph on t vertices with one edge removed. For t ∈ {5, 6}, Dirac [2]
showed that any graph on n ≥ t vertices with at least 1
2
((2t − 5)n − (t − 3)(t − 1)) edges
either has a K−t minor or is a (Kt−1, t−3)-cockade. For larger values of t, there is more than
one minimal counterexample. Jakobsen [8, 9] showed any graph on n ≥ 7 vertices with at
least 1
2
(9n− 24) edges either has a K−
7
minor or is a (K6, K2,2,2,2, 4)-cockade, and Song [17]
showed any graph on n ≥ 8 vertices with at least 1
2
(11n−35) edges either has a K−
8
minor or
is a (K7, K1,2,2,2,2, 5)-cockade. The extremal function for K
−
t minors remains open for t ≥ 9.
In this paper, we will consider K=t minors, where K
=
t denotes the complete graph on
t vertices with two edges removed. Note that there are two nonisomorphic graphs K=t ,
depending on whether the removed edges share a common end or not. Let K=t denote the
family consisting of the two nonisomorphic graphs K=t . Throughout this paper, we will use
the following conventions. We say a graph G has no K=t minor if G does not contain K as
a minor for any K ∈ K=t , and we say that G has a K
=
t minor if G contains K as a minor for
some K ∈ K=t . Dirac [2] proved the following for t ∈ {5, 6}, and Jakobsen [7, 8] proved the
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cases t ∈ {7, 8}.
Theorem 1.1 (Dirac [2], Jakobsen [7, 8]) For t ∈ {5, . . . , 8}, if G is a graph with |G| ≥ t−1
and at least (t−3)n− 1
2
(t−1)(t−4) edges, then either G ≥ K=t or G is a (Kt−1, t−4)-cockade.
Our main result is to extend Theorem 1.1 to the case t = 9 as follows.
Theorem 1.2 If G is a graph with |G| ≥ 8 and at least 6|G|−20 edges, then either G ≥ K=
9
or G is a (K8, K2,2,2,2,2, 5)-cockade.
Note that for this case there are now two minimal counterexamples to consider. In
Section 2 we prove several results necessary for the proof of Theorem 1.2, which we present
in Section 3.
Our primary motivation for studying the extremal functions for Kt, K
−
t , and K
=
t minors
is their integral use in proving results related to Hadwiger’s conjecture [6], which claims that
every graph with no Kt minor is (t − 1)-colorable. Hadwiger’s conjecture is easily true for
t ≤ 3. The case t = 4 was shown by both Hadwiger [6] and Dirac [3], and a short proof
was given much later by Woodall [24]. For t = 5, Wagner [23] showed that Hadwiger’s
conjecture is equivalent to the Four Color Theorem, and for t = 6, Robertson, Seymour,
and Thomas [12] showed the same. The conjecture remains open for t ≥ 7, although there
are some partial results as follows. Albar and Gonc¸alves [1] showed for t ∈ {7, 8}, and the
present author and Song [15] for t = 9, that every graph with no Kt minor is (2t − 6)-
colorable. An alternate proof for the cases t ∈ {7, 8} is also provided in [15]. By noticing
that known minimal counterexamples to the extremal function for Kt minors for t ≥ 7 are all
(t− 1)-colorable, the present author and Song [15] proved the first general result on coloring
graphs with no Kt minor for all t ≥ 6, provided a suitable conjecture holds as follows.
Conjecture 1.3 (Rolek and Song [15]) For every t ≥ 1, every graph on n vertices with at
least (t− 2)n−
(
t−1
2
)
+ 1 edges either has a Kt minor or is (t− 1)-colorable.
4
Theorem 1.4 (Rolek and Song [15]) For t ≥ 6, if Conjecture 1.3 is true, then every graph
with no Kt minor is (2t− 6)-colorable.
The chromatic number of graphs without K−t minors and K
=
t minors has also been
investigated. Jakobsen [8, 9] showed for t = 7, and the present author and Song [15] for
t = 8, that if G has no K−t minor, then G is (2t− 7)-colorable, and if G has no K
=
t minor,
then G is (2t− 8)-colorable. Most recently, the present author [13] has used Theorem 1.2 to
show the following.
Theorem 1.5 (Rolek [13]) If G has no K=
9
minor, then G is 10-colorable.
2 Preliminaries
We begin this section with four results on (K8, K2,2,2,2,2, 5)-cockades which will be useful
early in Section 3.
Lemma 2.1 Let G be a (K8, K2,2,2,2,2, 5)-cockade, and let x and y be nonadjacent vertices
in G. Then G+ xy ≥ K=
9
.
Proof. We proceed by induction on |G|. It is easy to see that the statement holds if G
is isomorphic to K2,2,2,2,2. Hence we may assume that G is obtained from H1 and H2 by
identifying a K5, where both H1 and H2 are (K8, K2,2,2,2,2, 5)-cockades. If both x, y ∈ V (Hi)
for some i ∈ {1, 2}, then G ≥ K=
9
by induction. Thus we may assume that x ∈ V (H1)\V (H2)
and y ∈ V (H2) \ V (H1). If there exists z ∈ V (H1 ∩ H2) such that xz /∈ E(G), then by
contracting the component of H2 − V (H1 ∩ H2) containing y onto z and deleting all other
components of H2−V (H1∩H2), we see that G ≥ H1+xz, and the resulting graph contains
a K=
9
minor by induction. Hence we may assume that x is complete to V (H1 ∩ H2), and
similarly that y is complete to V (H1 ∩ H2). Since G[(V (H1 ∩ H2)) ∪ {x}] is isomorphic to
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K6, it follows that there is a K8-subgraph H
′ of H1 such that (V (H1 ∩H2))∪ {x} ⊆ V (H
′).
Then G[V (H ′) ∪ {y}] is a K=
9
-subgraph in G+ xy. 
From Lemma 2.1 we get the following.
Lemma 2.2 If G′ is a (K8, K2,2,2,2,2, 5)-cockade, and G is the graph obtained from G
′ by
adding a new vertex joined to at least six vertices of G′, then G ≥ K=
9
.
Proof. Let G and G′ be as in the statement, and say v ∈ V (G) \ V (G′). If there exist
x, y ∈ NG(v) such that xy /∈ E(G), then G ≥ G
′ + xy ≥ K=
9
by Lemma 2.1. Hence NG(v)
is complete, and so there exists a K8-subgraph H of G
′ such that NG(v) ⊆ V (H). But then
G[V (H) ∪ {v}] is isomorphic to K=
9
. 
Lemma 2.3 Let G be a graph with δ(G) ≥ 7. Let xy ∈ E(G) such that x and y have at
least 5 common neighbors. If G/xy is a (K8, K2,2,2,2,2, 5)-cockade, then G ≥ K
=
9
.
Proof. We proceed by induction on |G|. The statement is easy to verify ifG/xy is isomorphic
to K8. Assume G/xy is isomorphic to K2,2,2,2,2. Say V (G/xy) = {v1, w1, . . . , v5, w5}, where
viwi /∈ E(G/xy) for i ∈ {1, . . . , 5}, and w5 is the vertex obtained by contracting the edge
xy of G. We may assume by Pigeonhole that v1, w1, v2, v3 are common neighbors of x and y
in G. If w2 is also a common neighbor of x and y, then we may assume by symmetry that
xw3, yw4 ∈ E(G) since δ(G) ≥ 7 and each of w3, w4 must be adjacent to at least one of x, y.
Now by contracting the edges v1v5 and w3w4, and noting that v4 also must be adjacent to at
least one of x, y, we see that G ≥ K=
9
. Hence we may assume w2 is not a common neighbor
of x and y, and by symmetry neither is w3. Then v4, say, is a common neighbor of x and
y. Now since δ(G) ≥ 7 and each of w2, w3, w4 must be adjacent to at least one of x, y, we
may assume that xw2, yw3 ∈ E(G). By contracting the edges v1v5 and w2w3, we again see
G ≥ K=
9
.
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Therefore we may assume that G/xy is a (K8, K2,2,2,2,2, 5)-cockade obtained from H1
and H2 by identifying a K5, where both H1 and H2 are (K8, K2,2,2,2,2, 5)-cockades. Say v ∈
V (G/xy) is the vertex resulting from contracting the edge xy of G. Let S = V (H1∩H2). Let
H ′i be the subgraph of G induced by (V (Hi)\{v})∪{x, y} for i ∈ {1, 2}. If v ∈ V (H1)\V (H2),
then every common neighbor of x and y in G belongs to V (H ′
1
). Further, every vertex of
S has at least 7 neighbors in V (H ′
1
). Hence G ≥ K=
9
by induction applied to H ′
1
. Thus
v /∈ V (H1) \ V (H2) and similarly, v /∈ V (H2) \ V (H1). Therefore v ∈ S. Let Z denote the
set of common neighbors of x and y in G. We may assume that |Z ∩ V (H1)| ≥ |Z ∩ V (H2)|,
and in particular that Z ∩ (V (H1) \ V (H2)) 6= ∅ since |Z| ≥ 5 and |S \ {v}| = 4. We
may also assume that dH′
1
(x) ≥ dH′
1
(y). Let Z ′ be a set of neighbors of y in H ′
2
− x chosen
maximal subject to |Z ′| ≤ 4 and then further such that |Z ∩ Z ′| is maximum. Say |Z ′| = r.
Since G/xy is a (K8, K2,2,2,2,2, 5)-cockade, it is 5-connected. Thus there exist r disjoint paths
P1, . . . , Pr in G/xy − v with one end in Z
′ and the other end in S \ {v}. Then each path Pi
is also a path in G. Let H∗ be the graph obtained from G by contracting each path Pi onto
its end in S and deleting all vertices of V (H2) \ V (H1 ∪ P1 ∪ · · · ∪ Pr). Then by the choice
of Z ′, x and y have at least 5 common neighbors in H∗. Also, H∗ ≥ H1. If dH∗(y) ≥ 7, then
δ(H∗) ≥ 7, so G ≥ H∗ ≥ K=
9
by induction applied to H∗. Otherwise, dH∗(y) = 6, y has only
one neighbor in V (H∗) \ S, say w ∈ Z, and every vertex of S \ {v} is a common neighbor
of x and y. Since H1 is a cockade and H1[S] is isomorphic to K5, some subgraph K of H1
contains S, where K is either isomorphic to K8 or K2,2,2,2,2. Then there exists a path Q in
H1 with one end w and the other end in V (K) such that Q avoids S, and Q has no internal
vertices in V (K) (possibly Q consists only of the vertex w). By contracting Q onto its end in
V (K), we may assume that y has one neighbor in V (K) \ S. Let K∗ be the subgraph of H∗
induced by V (K)∪{x, y} \ {v}. Note that every vertex of V (K) is adjacent to x, except the
nonneighbor of v in K if K is isomorphic to K2,2,2,2,2, because each such vertex is adjacent
to at least one of x or y, and every neighbor of y in V (K) is a common neighbor of x and
7
y. Hence, K∗ − y is isomorphic to K, that is K∗ − y is isomorphic to K8 or K2,2,2,2,2 and in
particular is a (K8, K2,2,2,2,2, 5)-cockade. Since y has six neighbors in V (K
∗), it follows from
Lemma 2.2 that G ≥ K∗ ≥ K=
9
. 
It is easy to verify the following, so the details are omitted.
Lemma 2.4 If G is a (K8, K2,2,2,2,2, 5)-cockade, then e(G) = 6|G| − 20.
Given a graphG and a set T = {v1, . . . , v4} ⊆ V (G), we say that G has aK4 minor rooted
at T if, for i ∈ {1, . . . , 4}, G has disjoint subsets Ti ⊆ V (G) such that G[Ti] is connected,
Ti ∩ T = {vi}, and there exist some vertices ui ∈ Ti and uj ∈ Tj such that uiuj ∈ E(G) for
all j ∈ {1, . . . , 4} with j 6= i. The concept of rooted K4 minors is an extension of earlier
work by Seymour [16] and Thomassen [21] on 2-linked graphs. Robertson, Seymour, and
Thomas utilized rooted K4 minors in their proof of Hadwiger’s conjecture for graphs with
no K6 minor [12], and the next result is a simplified restatement of (2.6) from that same
paper. For a complete characterization of graphs with rooted K4 minors, see Fabila-Monroy
and Wood [4].
Theorem 2.5 (Robertson, Seymour, and Thomas [12]) If G is 4-connected and T ⊆ V (G)
with |T | = 4, then either G has a K4-minor rooted at T , or G is planar with e(G) ≤ 3|G|−7.
Lemma 2.6 Let G be a graph with |G| ∈ {7, . . . , 11} and δ(G) ≥ 6. If G is not 4-connected,
then G containsK5 as a subgraph. If G is not 5-connected, then G containsK
−
5
as a subgraph.
Proof. The statement is clearly true if G is a complete graph, so we may assume that
|G| ∈ {8, . . . , 11}. Let S be a minimum separating set in G, and let G1, G2 be proper
subgraphs of G such that G1 ∪ G2 = G and G1 ∩ G2 = G[S]. Since δ(G) ≥ 6, it follows
that |Gi| ≥ 7 for i ∈ {1, 2}. Since |G| = |G1| + |G2| − |S| ≥ 14 − |S|, we have |S| ≥ 5
for |G| ∈ {8, 9}, and |S| ≥ 4 for |G| = 10. Assume first that G is not 4-connected. Then
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|G| = 11 and |S| = 3, so |G1| = 7. Any vertex u ∈ V (G1) \ S is complete to V (G1) \ {u}.
Since |G1−S| = 4, the subgraph of G induced by (V (G1)\S)∪{v} for any v ∈ S is isomorphic
to K5. Now assume that G is 4-connected, but not 5-connected. Then |G| ∈ {10, 11}. At
least one of G1, G2, say G1, must satisfy |G1| = 7. Any vertex u ∈ V (G1) \ S is complete to
V (G1) \ {u}. Since |G1 − S| ≥ 3, the subgraph of G induced by (V (G1) \ S) ∪ {v1, v2} for
any v1, v2 ∈ S contains K
−
5
as a subgraph. 
Lemma 2.7 Let G be a graph with |G| ∈ {7, . . . , 11} and δ(G) ≥ 6. Then either G contains
K5 as a subgraph, or for any set T ⊆ V (G) with |T | = 5 there exists v ∈ T such that G− v
has a K4 minor rooted at T \ {v}.
Proof. By Lemma 2.6, if G is not 4-connected, then G contains K5 as a subgraph and we
are done. Thus we may assume G is 4-connected. Let T ⊆ V (G) such that |T | = 5. Assume
first that G is 5-connected, and let v ∈ T be arbitrary. Then G − v is a 4-connected graph
on |G| − 1 vertices with δ(G) ≥ 5. Note that e(G− v) ≥
⌈
1
2
(|G| − 1)δ(G)
⌉
≥ 3(|G| − 1)− 6,
and it follows from Theorem 2.5 that G − v has a K4 minor rooted at T \ {v}. Therefore
we may assume G is not 5-connected, and so by Lemma 2.6 G contains K−
5
as a subgraph.
In particular, G contains a K4 subgraph H . Since G is 4-connected, there exist four disjoint
paths P1, P2, P3, P4 with one end in V (H), one end in T , and no internal vertices in V (H)∪T .
Let v ∈ T be the unique vertex not met by any Pi. Then contracting each path Pi to a single
vertex gives a K4 minor rooted at T in G− v. 
Lemma 2.8 Let G be a graph with |G| ∈ {8, . . . , 11} and δ(G) ≥ 6, and let v1, . . . , v6 ∈
V (G) be distinct. If v1v2 /∈ E(G), then there exists some component C of G − {v1, . . . , v6}
such that either {v1, v2} ⊆ NG(C) or {v3, . . . , v6} ⊆ NG(C).
Proof. Suppose for a contradiction that no such component exists. Put T = {v1, . . . , v6}.
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Figure 2.1: The Petersen graph P .
Since δ(G) ≥ 6 and |T | = 6, every vertex of T has at least one neighbor in V (G) \ T . Thus
it must be the case that G−T is disconnected. Let C1, C2 be distinct components of G−T .
Then for i ∈ {1, 2}, any vertex of Ci is adjacent to at most four vertices of T , and it follows
that |V (Ci)| ≥ 3 since δ(G) ≥ 6. But then |G| ≥ |T |+ |C1|+ |C2| ≥ 12, a contradiction. 
The following lemma is proved by computer search. The details of this search can be
found in [14].
Lemma 2.9 If G is a graph with |G| ∈ {9, 10, 11} and δ(G) ≥ 6, then either G contains
K=
7
∪K1 as a minor, or G is isomorphic to one of the five graphs C5∨C4, C9, K3,3,3, C6∨K3,
or P , where P is the complement of the Petersen graph P . Furthermore, the graphs C5 ∨C4
and C9 contain K
−
7
as a minor, and the graphs K3,3,3, C6 ∨K3, and P are all edge maximal
with respect to not having a K=
7
∪K1 minor.
The remaining results in this section will all be used in the proof of Theorem 1.2 to
handle the counterexamples K3,3,3, C6 ∨K3, and P of Lemma 2.9.
Lemma 2.10 Let G be isomorphic to either K3,3,3 or C6 ∨ K3. If e1, e2, e3 are distinct
missing edges of G such that e1, e2 share a common end, then G+ {e1, e2, e3} ≥ K
=
8
.
Proof. Since e1, e2, e3 are not independent, there exist u, v ∈ V (G) such that uv ∈ E(G)
and u, v are both incident to two missing edges of G + {e1, e2, e3}. By contracting uv we
10
obtain a K=
8
minor of G+ {e1, e2, e3}. 
Lemma 2.11 Let e1, e2, e3 be three distinct missing edges of P such that no vertex of P is
incident to every ei. If either the ei do not all belong to the same 5 vertex cycle in P or the
ei induce a 4 vertex path in P , then P + {e1, e2, e3} ≥ K
=
8
. Furthermore, the graph obtained
from P by adding any four missing edges contains K=
8
as a minor.
Proof. Assume first that e1, e2, e3 all belong to a 4 vertex path in P . Without loss of
generality, {e1, e2, e3} = {v0v1, v1v2, v2v3}, where the vertices of P are labeled as in Fig-
ure 2.1. By contracting the edges v0v6 and v3v7, we see that P + {v0v1, v1v2, v2v3} ≥ K
=
8
.
So we may now assume that e1, e2, e3 do not all belong to some 5 vertex cycle in P . If the
edges ei are pairwise disjoint, then without loss of generality, {e1, e2, e3} is one of the sets
{v0v5, v2v3, v6v9}, {v0v1, v2v3, v5v8}, {v0v5, v1v2, v3v4}, or {v0v5, v1v6, v3v4}. In each case, it
is straightforward to show that P + {e1, e2, e3} ≥ K
=
8
. So we may assume that two ei are
incident to the same vertex, say {e1, e2} = {v0v1, v0v4}. Then e3 is either incident to v5 or
not, and by symmetry we may assume e3 is either v5v7 or v6v8. Both of these cases are also
straightforward to verify. For the second part of the statement, it is easy to see that given
any four missing edges of P , some three of those edges satisfy the conditions of the first part
of the statement. 
Lemma 2.12 Let A1, A2 ⊆ V (P ) such that |A1| ≥ |A2| ≥ 7. Then for i ∈ {1, 2} there exist
vertices vi ∈ Ai such that the graph obtained from P by adding all missing edges incident to
vi in P [Ai] contains K
=
8
as a minor.
Proof. Let the vertices of P be as labeled in Figure 2.1. Since |A1| ≥ 7, there must exist two
missing edges of P [A1] which share a common end, say {v0, v1, v4} ⊆ A1. From Lemma 2.11,
it follows that if P [A2] contains any missing edge e other than v0v1, v0v4, v0v5, v2v3, or v6v9,
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then we are done by adding all missing edges in P [A1] incident to v0 and all missing edges
in P [A2] incident to one end of e. Since |A2| ≥ 7, such an edge e must exist. 
3 Proof of Theorem 1.2
Suppose that G is a minimum counterexample to Theorem 1.2, and put n := |G|. Then
e(G) ≥ 6n − 20, but G is not a (K8, K2,2,2,2,2, 5)-cockade and G 6≥ K
=
9
. We may suppose
that e(G) = 6n− 20. It is easy to verify that n ≥ 11.
(1) δ(G) ≥ 7.
Let x ∈ V (G) such that dG(x) = δ(G). Then e(G−x) = 6n−20−δ(G) = 6(n−1)−14−
δ(G). If e(G−x) > 6(n−1)−20, then by the minimality of G and Lemma 2.4, G−x ≥ K=
9
,
a contradiction since G ≥ G − x. If e(G − x) = 6(n − 1) − 20, then dG(x) = 6, and since
G 6≥ K=
9
, we see by the minimality of G that G− x is a (K8, K2,2,2,2,2, 5)-cockade. But then
by Lemma 2.2, G ≥ K=
9
, a contradiction. Hence, e(G− x) < 6(n− 1)− 20. It follows that
δ(G) > 6. 
(2) δ(G[N(x)]) ≥ 6 for all x ∈ V (G).
Let xy ∈ E(G) and put d := |N(x) ∩ N(y)|. Then e(G/xy) = 6n − 20 − (d + 1) =
6(n− 1)− 15− d. If e(G/xy) > 6(n− 1)− 20, then by Lemma 2.4 and the minimality of G,
G/xy ≥ K=
9
, a contradiction since G ≥ G/xy. If e(G/xy) = 6(n− 1)− 20, then d = 5, and
since G 6≥ K=
9
, we see by the minimality of G that G/xy is a (K8, K2,2,2,2,2, 5)-cockade. But
then by Lemma 2.3 and (1), G ≥ K=
9
, a contradiction. Hence, e(G/xy) < 6(n− 1)− 20. It
follows that d > 5. 
We will utilize the following notation throughout the remainder of the proof. Let S be a
minimal separating set in G, and let G1 and G2 be two subgraphs of G such that G = G1∪G2
and G1 ∩G2 = G[S]. It is an immediate consequence of (1) that
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(3) |Gi| ≥ 8 for i ∈ {1, 2}.
(4) Neither G1 nor G2 is a (K8, K2,2,2,2,2, 5)-cockade.
Suppose that G1, say, is a (K8, K2,2,2,2,2, 5)-cockade. If |S| ≥ 6, then by contracting
any component of G2 − S to a single vertex, it follows from Lemma 2.2 that G ≥ K
=
9
, a
contradiction. Hence |S| ≤ 5, and it follows from Lemma 2.1 that G[S] is complete. Then
since e(G2) = e(G)−e(G1)+e(G[S]), from Lemma 2.4 we have e(G2) = (6n−20)− (6|G1|−
20)+
(
|S|
2
)
= 6|G2|−6|S|+
(
|S|
2
)
. If |S| ≤ 4, then e(G2) ≥ 6|G2|−18, and it follows from (3),
Lemma 2.4, and the minimality of G that G2 ≥ K
=
9
, a contradiction. Hence |S| = 5, and we
have e(G2) = 6|G2|−20. Since G 6≥ K
=
9
, we see G2 6≥ K
=
9
, and so by (3) and the minimality
of G, G2 is a (K8, K2,2,2,2,2, 5)-cockade. However, since G[S] is isomorphic to K5, it follows
that G is also a (K8, K2,2,2,2,2, 5)-cockade, a contradiction. 
For i ∈ {1, 2}, let di be the maximum number of edges that can be added to G3−i by
contracting edges of G with at least one end in Gi. More precisely, let di be the largest integer
such that Gi contains disjoint sets of vertices V1, V2, . . . , V|S| so that Gi[Vj] is connected and
|S ∩ Vj| = 1 for j ∈ {1, . . . , |S|}, and such that the graph obtained from Gi by contracting
V1, V2, . . . , Vp each to a single vertex and deleting V (G) \ (∪jVj) has e(G[S]) + di edges. Let
G∗i be a graph obtained from G by contracting G3−i onto S so that G
∗
i − S = Gi − S and
e(G∗i ) = e(Gi) + d3−i for i ∈ {1, 2}.
(5) For i ∈ {1, 2}, e(Gi) ≤ 6|Gi|−20−d3−i, with equality only if G
∗
i is a (K8, K2,2,2,2,2, 5)-
cockade.
If, say, e(G1) > 6|G1| − 20 − d2, then e(G
∗
1
) > 6|G∗
1
| − 20, and so it follows from (3),
Lemma 2.4, and the minimality of G that G∗
1
≥ K=
9
, a contradiction. If e(G1) = 6|G1|−20−
d2, then e(G
∗
1
) = 6|G∗
1
| − 20, and then since G 6≥ K=
9
, it now follows from the minimality of
G that G∗
1
is a (K8, K2,2,2,2,2, 5)-cockade. 
(6) e(G) ≤ 6n− 40 + 6|S| − d1 − d2 − e(G[S]).
13
This follows from (5) and the fact that e(G) = e(G1) + e(G2)− e(G[S]). 
(7) G is 5-connected.
Since e(G) = 6n − 20, it follows from (6) that 6|S| ≥ 20 + d1 + d2 + e(G[S]). Now
since e(G[S]) ≥ 1
2
δ(G[S])|S| and di ≥ |S| − δ(G[S]) − 1 for i ∈ {1, 2}, we see 4|S| ≥
18 + 1
2
δ(G[S])(|S| − 4). Therefore |S| ≥ 5. 
(8) If |S| ∈ {5, 6}, then for i ∈ {1, 2} there exists x ∈ V (Gi) \ S with dG(x) ≤ 11.
Suppose to the contrary that dG(x) ≥ 12 for every vertex x ∈ V (G1)\S, say. Then |G1| ≥
13 and |G1|−|S| ≥ 7. Then 2e(G1) ≥ 12(|G1|−|S|)+e(V (G1)\S, S)+2e(G[S]). By (5), we
also have 2e(G1) ≤ 12|G1| − 40− 2d2. Hence e(V (G1) \S, S) ≤ 12|S| − 40− 2(d2+ e(G[S])).
Now there exists y1 ∈ V (G2) \ S. Since |S| ≤ 6 and dG(y1) ≥ 7 by (1), y1 has a neighbor
y2 ∈ V (G2) \ S. By (2), y1 and y2 have at least 6 common neighbors. Say y3, y4, . . . , y|S|
are common neighbors of y1 and y2 in G. Note that N(y1) ⊆ V (G2). Now there exist
disjoint paths P1, . . . , P|S| in G, each with one end in {y1, . . . , y|S|}, the other end in S, and
all internal vertices in G2 − S. By contracting each of these paths onto its end in S, it
follows that e(G[S]) + d2 ≥ 2(|S| − 2) + 1 = 2|S| − 3. Thus e(V (G1) \ S, S) ≤ 8|S| − 34.
Therefore 2e(G1 − S) ≥ 12(|G1| − |S|)− e(V (G1) \ S, S) ≥ 12(|G1| − |S|)− 8|S|+ 34, and
so e(G1 − S) ≥ 6(|G1| − |S|) − 7 since |S| ∈ {5, 6}. Since e(G1 − S) ≤
(
|G1|−|S|
2
)
, this
implies |G1| − |S| ≥ 12. From the minimality of G and Lemma 2.4, we see G1 − S ≥ K
=
9
, a
contradiction. 
(9) G is 6-connected.
Suppose not. By (7), there exists a minimal separating set S of G with |S| = 5. By (8),
there exists x ∈ V (G1)\S such that dG(x) ≤ 11. By (1), dG(x) ≥ 7, and by (2), δ(G[N(x)]) ≥
6. If G[N(x)] contains a subgraph H isomorphic to K5, then let P1, . . . , P5 be disjoint paths
in G with one end in V (H) and one end in S. Otherwise, let P1, . . . , P5 be disjoint paths with
one end in N(x), the other end in S, and no internal vertices in N(x). Say V (Pi)∩N(x) = vi
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for i ∈ {1, . . . , 5}. Then by Lemma 2.7 the end of some Pi in N(x), say v1, is such that
G[N(x)] − v1 has a K4 minor rooted at {v2, v3, v4, v5}. By additionally contracting the
edge xv1 if necessary, we may thus in both cases assume that the ends of P1, . . . , P5 in
N(x) belong to a K5 subgraph of some minor of G[N [x]]. By now contracting each path
Pi onto its end in S, it follows that d1 + e(G[S]) = 10. Similarly, d2 + e(G[S]) = 10, and
so d1 = d2. Note that by (4) and (5), for i ∈ {1, 2} we must have either d3−i ≥ 1 or
e(Gi) ≤ 6|Gi| − 21− d3−i. Then in either case, 6n− 20 = e(G) = e(G1) + e(G2)− e(G[S]) ≤
6n− 10−max{1, d1} − (d2 + e(G[S])) ≤ 6n− 21, a contradiction. 
(10) There is no minimal separating set S of G such that G[S] is complete.
Suppose such a separating set S exists. If |S| ≥ 7, then by contracting any two com-
ponents of G − S to a single vertex each, we see G ≥ K−
9
, a contradiction. Thus, by (9),
|S| = 6. Since G[S] is complete, we have d1 = d2 = 0. For i ∈ {1, 2}, since Gi 6≥ K
=
9
and
Gi is not a (K8, K2,2,2,2,2, 5)-cockade by (4), we have e(Gi) ≤ 6|Gi| − 21 by (5). But then
6n− 20 = e(G) = e(G1) + e(G2)− e(G[S]) ≤ (6|G1| − 21) + (6|G2| − 21)− 15 = 6n− 21, a
contradiction. 
(11) δ(G) ≥ 8.
Suppose there exists x ∈ V (G) such that dG(x) ≤ 7. By (1), dG(x) = 7. By (2),
δ(G[N(x)]) = 6, and so G[N(x)] is isomorphic to K7. But N(x) is a separating set of G,
and so contains some minimal separating set of G, contrary to (10). 
(12) There is no minimal separating set S of G such that G[S \{x}] is complete for some
x ∈ S.
Suppose there exists x ∈ S such that G[S \ {x}] is complete. Note that |S| ≥ 6 by (9). If
|S| ≥ 8, then since G[S\{x}] containsK7 as a subgraph, we can contract any two components
of G− S each to a single vertex to obtain a K−
9
minor, a contradiction. So |S| ∈ {6, 7}. By
contracting any component of Gi − S onto x, we see that di + e(G[S]) =
(
|S|
2
)
for i ∈ {1, 2},
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and in particular d1 = d2 = |S|−δ(G[S])−1 ≥ 1. Suppose, say, e(G1) ≤ 6|G1|−21−d2. Then
6n−20 = e(G) = e(G1)+e(G2)−e(G[S]) ≤ (6|G1|−21−d2)+(6|G2|−20−d1)−e(G[S]) ≤
6n− 21, a contradiction.
Hence by (5), we have e(Gi) = 6|Gi|−20−d3−1, and G
∗
i is a (K8, K2,2,2,2,2, 5)-cockade for
i ∈ {1, 2}. Now 6n−20 = e(G) = e(G1)+e(G2)−e(G[S]) = (6|G1|−20−d2)+(6|G2|−20−
d1)− e(G[S]) = 6n− 19− d1. Thus we must have d1 = d2 = 1, and so G[S] is isomorphic to
K−|S|. Since G
∗
i [S] contains a K6 subgraph, there must exist some K8 subgraph Hi of G
∗
i such
that S ⊆ V (Hi) for i ∈ {1, 2}. Then G[V (Hi)] is isomorphic to K
−
8
. Thus G[V (H1 ∪ H2)]
is not a (K8, K2,2,2,2,2, 5)-cockade, but is a graph on 16 − |S| vertices with 6(16 − |S|)− 20
edges. Since n ≥ 11 > 16 − |S|, G[V (H1 ∪ H2)] contains a K
=
9
minor by the minimality of
G, a contradiction. 
(13) δ(G) ≥ 9.
Suppose there exists x ∈ V (G) such that dG(x) ≤ 8. By (11), dG(x) = 8. Since
δ(G[N(x)]) ≥ 6 by (2), it follows that G[N(x)] is isomorphic to K8 − M , where M is a
matching of N(x). If |M | ≤ 2, then G[N [x]] contains K=
9
as a subgraph, a contradiction.
Suppose |M | = 3. Let C be a component of G−N [x]. Since G is 6-connected by (9), N(C)
contains both ends of some missing edge e of G[N(x)]. By contracting C onto one end of e,
we see that G ≥ K=
9
, a contradiction. Hence |M | = 4. That is, G[N(x)] is isomorphic to
K2,2,2,2. Say N(x) = {v1, w1, . . . , v4, w4}, where viwi /∈ E(G) for i ∈ {1, . . . , 4}.
(13.1) G−N [x] is connected.
If not, let C1, C2 be distinct components of G − N [x]. Since G is 6-connected by (9),
N(C1) and N(C2) each contain at least two nonadjacent pairs of vertices of N(x). Thus
it is possible to pick distinct pairs from each of N(C1) and N(C2), say vi, wi ∈ N(Ci) for
i ∈ {1, 2}. By contracting Ci onto vi for i ∈ {1, 2} we see G ≥ K
=
9
, a contradiction. 
(13.2) No vertex of G−N [x] is adjacent to a pair of nonadjacent vertices of N(x).
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Suppose to the contrary that there exists z ∈ V (G)\N [x] such that z is adjacent to, say,
v1 and w1. Let C be a component of G−N [x]−z. If N(C) contains some pair of nonadjacent
vertices of N(x) distinct from v1, w1, say v2, w2 ∈ N(C), then by contracting C onto v2 and
contracting the edge v1z, we see G ≥ K
=
9
, a contradiction. Hence N(C) can contain no
nonadjacent pair of vertices of N(x) other than v1, w1. It follows that |N(C) ∩ N(x)| ≤ 5.
Since G is 6-connected by (9), we conclude |N(C) ∩ N(x)| = 5, and {v1, w1, z} ⊆ N(C).
Without loss of generality, N(C) = {v1, v2, v3, v4, z, w1}. Since N(C) is a minimal separating
set of G, we may put S = N(C). Note that G[{v1, w1, v2, v3, v4}] is isomorphic to K
−
5
, so
e(G[S]) ≥ 11. By (8), there exists y ∈ V (G1)\S such that dG(y) ≤ 11. SinceG is 6-connected
by (9), there exist disjoint paths P1, . . . , P6 with one end in N(y), the other end in S, and no
internal vertices in N(y)∪S. Say ui is the end of Pi in N(y) for i ∈ {1, . . . , 6}, vi is the end
of Pi in S for i ∈ {1, . . . , 4}, and P5, P6 have ends z, w1 in S, respectively. If u1u6 ∈ E(G),
then by contracting each path Pi onto its end in S and additionally contracting the edge
yu5, we see e(G[S]) + d2 = 15. Otherwise, by Lemma 2.8 there exists some component C
′
of G[N(y)] − {u1, . . . , u6} such that either {u1, u6} ⊆ N(C
′) or {u2, . . . , u5} ⊆ N(C
′). By
contracting C ′ onto u1 and contracting yu5 in the former case, or contracting C
′ onto u5 and
contracting yu1 in the latter case, and then contracting each path Pi onto its end in S we
again see e(G[S]) + d2 = 15. By symmetry, e(G[S]) + d1 = 15 as well. By (12), di ≥ 2 for
i ∈ {1, 2}. Thus by (6), we see 6n−20 = e(G) ≤ 6n−40+36−(e(G[S])+d2)−d1 ≤ 6n−21,
a contradiction. 
(13.3) Every vertex of N(x) has at least three neighbors in G−N [x].
Since δ(G) ≥ 8 by (11), there exists z ∈ V (G) \N [x] such that zv1 ∈ E(G), say. By (2),
z and v1 have at least six common neighbors. By (13.2), at most three of these common
neighbors can belong to N(x), and (13.3) follows. 
(13.4) G−N [x] is 2-connected.
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By (13.1), suppose to the contrary that z is a cut-vertex of G− N [x]. If C1 and C2 are
components of G − N [x] − z with, say, vi, wi ∈ N(Ci) for i ∈ {1, 2}, then by contracting
each Ci onto vi we see G ≥ K
=
9
, a contradiction. Since G is 6-connected by (9), it follows
that every component C of G−N [x] − z satisfies |N(C) ∩N(x)| = 5, with v1 and w1, say,
in N(C), and at most one of vi or wi in N(C) for i ∈ {2, 3, 4}. Without loss of generality,
assume C1 is a component of G − N [x] − z with {v2, v3, v4} ⊆ N(C). Consider the three
edges e1 = v2w3, e2 = v3w2, and e3 = w2w3. Then for i ∈ {1, 2, 3}, by (2) the ends of ei
have at least six common neighbors, only five of which belong to N [x], and so there exists
yi ∈ V (G) \ N [x] adjacent to both ends of ei. By (13.2), y1, y2, y3 are distinct, and in
particular at most one yi = z. As w2, w3 /∈ N(C1), yi /∈ V (C1) for i ∈ {1, 2, 3}. Furthermore,
if two of y1, y2, y3 belong to the same component C2 of G−N [x]− z, then C2 is a component
with v2, w2 ∈ N(C2), say, contrary to the above. Thus there exist at least two components
C2 and C3 of G − N [x] − z distinct from C1. Without loss of generality, we may assume
w2 ∈ N(C2). Now by contracting C1 and C2 onto z, contracting C3 onto v1, and contracting
the edge v2z, we see G ≥ K
=
9
, a contradiction. 
We now consider the graph H = G−{x, v3, w3, v4, w4}. We claim that H is 4-connected.
Suppose Q is a minimum separating set of at most three vertices in H . By (13.4), we have
|Q| ≥ 2 and |Q ∩N(x)| ≤ 1. If |Q ∩N(x)| = 1, then by symmetry we may assume w2 ∈ Q.
Since H [{v1, w1, v2}] is connected, v1, w1, and v2 all belong to the same component C of
H − Q. If w2 /∈ Q, then w2 also belongs to C, and in this case we assume that Q and w2
are chosen so that |Q ∩ N(w2)| is maximal. We next claim that there exist v
′
1
and w′
1
in
V (G) \ (N [x] ∪ Q) adjacent to v1 and w1, respectively. If not, then by (13.2) and (13.3),
it must be the case that w1, say, has exactly three neighbors z1, z2, z3 in G − N [x], and
Q = {z1, z2, z3}. Now w2 /∈ Q, so by our choice of Q and w2, it follows that w2 is complete
to Q. Since v2w1 ∈ E(G), v2 and w1 have at least one common neighbor in G−N [x] by (2).
This common neighbor must be one of z1, z2, z3, say z1, but then z1 is adjacent to v2 and w2,
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contradicting (13.2). Thus the claim is proved, and there exist v′
1
, w′
1
∈ V (G) \ (N [x] ∪ Q)
such that v1v
′
1
, w1w
′
1
∈ E(G). Now we have v′
1
, w′
1
∈ V (C). By (13.4), there exist two
internally disjoint v′
1
, w′
1
-paths in G−N [x]. Since |Q| ≤ 3, at least one of these paths must
be contained entirely within G[V (C) ∪Q]. Note that since G 6≥ K=
9
, there must then be no
vi, wi-path in G[V (C
′)∪{vi, wi}] for i ∈ {3, 4}, where C
′ is any component of H−Q distinct
from C. Hence at most one of vi, wi has a neighbor in C
′ for i ∈ {3, 4}. It follows that C ′ is
separated from x by Q and at most two vertices of N(x). But since |Q| ≤ 3, this contradicts
that G is 6-connected by (9). This proves the claim that H is 4-connected.
If there exists a K4 minor of H rooted at {v1, w1, v2, w2}, then G ≥ K
=
9
, a contradiction.
Thus e(H) ≤ 3|H| − 7 = 3(n − 5) − 7 by Theorem 2.5. For i ∈ {3, 4}, vi and wi have no
common neighbor in G−N [x] by (13.2), so they together have at most |G| − |N [x]| = n− 9
neighbors in G−N [x]. Furthermore, the vertices v3, w3, v4, w4 are together incident with 20
edges of G[N(x)]. Therefore 6n − 20 = e(G) ≤ dG(x) + 20 + 2(n − 9) + e(H) ≤ 8 + 20 +
2(n − 9) + 3(n − 5) − 7 = 5n − 12. It follows that n ≤ 8, a contradiction which completes
the proof of (13). 
(14) Suppose x ∈ V (G) with dG(x) ∈ {9, 10, 11}, and let M ⊆ N(x) be the vertices of
N(x) which are not complete to all other vertices of N(x). Then there is no component C
of G−N [x] such that N(C ′) ∩M ⊆ N(C) for all components C ′ of G−N [x].
Suppose to the contrary that such a component C exists. Among all vertices x with
dG(x) ∈ {9, 10, 11} for which such a component C exists, choose x to be of minimum degree.
Note that N(C ′) ∩ M 6= ∅ for all components C ′ of G − N [x] by (10). Suppose for a
contradiction that M \ N(C) 6= ∅, and choose y ∈ M \ N(C) to be of minimum degree
among all vertices in M \ N(C). Then dG(y) < dG(x) since y has no neighbor outside
N [x] by the existence of C. Now let K be the component of G − N [y] containing C. We
claim that N(x) \N [y] 6⊆ V (K). So suppose instead that N(x) \ N [y] ⊆ V (K). Let C ′ be
any component of G − N [x] distinct from C. Note that such a component C ′ exists since
19
otherwise K is the only component of G − N [y], contrary to our choice of x and C. Let
K ′ be the component of G − N [y] containing C ′. We may assume C ′ is chosen such that
K ′ 6= K, since otherwise K is the only component of G−N [y], again a contradiction. Then
V (K ′) ∩ (N(x) \ N [y]) = ∅, since N(x) \ N [y] ⊆ V (K). Hence N(K ′) = N(C ′) ⊆ N(y).
Thus we have that N(C ′) ∩M ⊆ N(C) ∩ N(y). Therefore N(K ′) ∩My ⊆ N(K), where
My is the set of vertices of N(y) not complete to all other vertices of N(y). Noticing that
My ⊆ M and that the component K
′ was essentially arbitrary (every component K ′ of
G−N [y] corresponds with some component C ′ of G−N [x]), we see that the existence of y
and K contradicts the choice of x and C. Therefore N(x) \N [y] 6⊆ V (K), as claimed.
Hence there exists some component H of G[N(x) \ N [y]] with V (H) ∩ N(C) = ∅. We
must have dG(z) ≥ dG(y) for all z ∈ V (H) by the choice of y. If |H| = 1, then it follows that
dG(z) = dG(y) and N(z) = N(y). But then H is a component of G − N [y] contradicting
the choice of x and C. Thus |H| ≥ 2. On the other hand, |H| ≤ dG(x) − dG(y) ≤
11 − 9 = 2, and so |H| = 2, dG(x) = 11, and dG(y) = 9. By (2) applied to y, we see
that G[N(y) ∩ N(x)] has minimum degree at least 5. Then the edges of G[N(x)] are the
edges of N(x) ∩ N(y), edges incident with y, and edges incident with V (H). Therefore,
e(G[N(x)]) ≥ 5
2
(dG(y) − 1) + (dG(y) − 1) + (2(dG(y)− 1)− 1) = 43 > 5dG(x) − 14. By
Theorem 1.1, we see that G[N(x)] ≥ K=
8
, and therefore G[N [x]] ≥ K=
9
, a contradiction.
This proves that M \N(C) = ∅, that is M ⊆ N(C).
If G[N(x)] ≥ K=
7
∪K1, then let y ∈ N(x) such that G[N(x) \ {y}] ≥ K
=
7
. If y /∈ N(C),
then y is complete to N(x)\{y}, and so G[N(x)] ≥ K=
8
and G[N [x]] ≥ K=
9
, a contradiction.
Hence y ∈ N(C) and every nonneighbor of y in N(x) also belongs to N(C) sinceM ⊆ N(C).
Now by contracting C onto y, we again find, along with x, a K=
9
minor in G, a contradiction.
Hence by Lemma 2.9, G[N(x)] is isomorphic to one of the five graphs C5 ∨ C4, C9, K3,3,3,
C6 ∨ K3, or P , where P is the complement of the Petersen graph. Suppose G[N(x)] is
isomorphic to one of C5∨C4 or C9. In both cases, G[N(x)] ≥ K
−
7
and N(x) =M ⊆ N(C), so
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by contracting C to a single vertex we obtain, along with x, aK=
9
minor of G, a contradiction.
Thus we may suppose G[N(x)] is isomorphic to one of K3,3,3, C6 ∨K3, or P . Note that by
Lemma 2.9, these three graphs are edge-maximal subject to not having a K=
7
∪K1 minor.
We first show the following.
(14.1) G−N [x] is connected.
Suppose C ′ is a component of G− N [x] distinct from C. By (10), N(C ′) contains both
ends of some missing edge e of G[N(x)], and we contract C ′ onto one end of e. Then
G[N(x)] + e ≥ K=
7
∪ K1. Now let y ∈ N(x) such that G[N(x) \ {y}] + e ≥ K
=
7
. By
contracting C onto y, we see G ≥ K=
9
. 
(14.2) G[N(x)] is not isomorphic to either K3,3,3 or C6 ∨K3.
Say N(x) = {v1, . . . , v9} where {v1, v2, v3} is an independent set and either {v4, v5, v6}
and {v7, v8, v9} are independent sets if G[N(x)] is isomorphic to K3,3,3 or {v4, . . . , v9} are
the vertices of a C6 in G[N(x)] written in cyclic order if G[N(x)] is isomorphic to C6 ∨K3.
We claim that G − N [x] is 3-connected. Suppose to the contrary that Q is a minimum
cut set of G − N [x] with |Q| ≤ 2. By (14.1), |Q| ≥ 1. Let C1 be any component of
G − (N [x] ∪ Q), and let C2 := G − (N [x] ∪ V (C1)). Then C2 is connected. Suppose that
some vertex vi ∈ N(x) has no neighbor in V (C2). By (2), any neighbor of vi in N(x) must
have at least 2 neighbors in V (C1), that is, {vj ∈ N(x) : vivj ∈ E(G)} ⊆ N(C1). In
particular, there exist disjoint sets T1, T2 ⊆ N(C1) such that |Tk| = 3 and G[Tk] contains
at least two missing edges of G[N(x)] for k ∈ {1, 2}. Now since C2 contains at least one
component of G − (N [x] ∪ Q), it follows by (9) that |N(C2) ∩ N(x)| ≥ 4. If G[N(C2)]
contains some missing edge e of G[N(x)], then some Tk, say T1, does not contain both ends
of e. We contract C2 onto one end of e, and we contract C1 onto a vertex in T1 incident to
two missing edges of G[N(x)], and from Lemma 2.10 we see, along with x, that G ≥ K=
9
, a
contradiction. If G[N(C2)] does not contain a missing edge of G[N(x)], then it must be the
case that G[N(x)] is isomorphic to C6 ∨ K3, |Q| = 2, and N(C2) ∩ N(x) = {v3, v4, v6, v8},
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say. Then there exist distinct w1, w2 ∈ V (C1) such that w1v1, w2v2 ∈ E(G), and disjoint
paths P1, P2 in G−N [x] where Pi has one end wi and one end in Q. Furthermore, since C1
is connected there exists a path P3 in C1 with one end in P1, the other end in P2, and no
internal vertices in P1 ∪ P2. Now by contracting C2 onto v3, contracting the paths Pi ∪wivi
onto vi for i ∈ {1, 2}, and contracting P3 to a single edge, we see G ≥ K
=
9
by Lemma 2.10,
a contradiction. Therefore we may assume that every vertex of N(x) has some neighbor in
V (C2). But now |N(C1) ∩N(x)| ≥ 4, and the same argument as above with the roles of C1
and C2 switched will give a contradiction. This establishes that G−N [x] is 3-connected.
Note that since δ(G) ≥ 9 by (13), every vertex of N(x) has at least two neighbors in
G − N [x]. If some vertex z ∈ V (G) \ N [x] is adjacent to both ends of a missing edge e of
G[N(x)], then by contracting G − N [x] − z onto a vertex of N(x) incident to two missing
edges of G[N(x)] distinct from e, and then contracting z onto one end of e, we get a K=
9
minor by Lemma 2.10, a contradiction. Hence no vertex of V (G) \N [x] is adjacent to both
ends of a missing edge of G[N(x)]. Thus we may select distinct z1, z2, z3 ∈ V (G) \ N [x]
such that vizi ∈ E(G) for i ∈ {1, 2, 3}. Since G− N [x] is 3-connected, by an application of
Menger’s Theorem there exists a cycle in G−N [x] containing all of z1, z2, z3. By contracting
each of the three subpaths of the cycle between the zi to a single edge, and then contracting
each of the three edges vizi, we again have G ≥ K
=
9
by Lemma 2.10. This contradiction
proves (14.2). 
Hence we may assume G[N(x)] is isomorphic to P , and we label the vertices of G[N(x)]
as in Figure 2.1.
(14.3) No vertex of G−N [x] is adjacent to both ends of a missing edge of G[N(x)].
Suppose there exists z ∈ V (G) \ N [x] adjacent to both ends of some missing edge e of
G[N(x)], say zv0, zv1 ∈ E(G). Note that every vertex of N(x) has at least two neighbors in
G − N [x] since δ(G) ≥ 9 by (13). Thus if G − N [x] − z is connected, then by contracting
z onto v0 and contracting G − N [x] − z onto v3, say, we add four edges to G[N(x)], and
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it follows from Lemma 2.11 that G ≥ K=
9
, a contradiction. So suppose G − N [x] − z is
disconnected. Since G is 6-connected by (9), we have |N(C)∩N(x)| ≥ 5 for all components
C of G−N [x]−z, and so N(C) contains both ends of at least two missing edges of G[N(x)].
Let C1 be a component of G − N [x] − z, and suppose e1 6= e is a missing edge of G[N(x)]
with both ends in N(C1). We consider three cases.
First, suppose e and e1 belong to a 6-cycle, but not a 5-cycle of G[N(x)], say e1 = v7v9.
If v2 ∈ N(C1), then by contracting C1 onto v7 and contracting zv0, we see G ≥ K
=
9
by
Lemma 2.11, a contradiction. Hence v2 /∈ N(C1), so there exists some component C2 of
G− N [x]− z such that v2 ∈ N(C2). Now since |N(C2) ∩N(x)| ≥ 5, there must exist some
missing edge e2 of G[N(x)] with both ends in N(C2) such that e2 is distinct from e and e1.
By contracting C2 onto one end of e2, C1 onto v7, and z onto v0, we again see G ≥ K
=
9
by
Lemma 2.11, a contradiction.
Next, suppose e and e1 share a common end, say e1 = v1v2. If v3 ∈ N(C1), then by
contracting C1 onto v2 and contracting zv0, we see G ≥ K
=
9
by Lemma 2.11, a contradiction.
Thus there exists a component C2 6= C1 of G − N [x] − z such that v3 ∈ N(C2). From
Lemma 2.11, we may assume that N(C2) does not contain both ends of any missing edges of
G[N(x)] other than v3v4, v5v7, or v1v6. This requires N(C2) ∩N(x) ⊆ {v1, v3, v4, v5, v6, v7}.
By relabelling if necessary, we may assume v3, v4 ∈ N(C2). By Lemma 2.11, we may assume
that N(C1) does not contain both ends of any missing edges of G[N(x)] other than e1 or
v0v1. This requires N(C1) = {v0, v1, v2, v8, v9, z}. Let S = N(C1). Then S is a minimum
separating set of G. Let G1 and G2 be as defined prior to (3), where we may assume
V (G1) \ S = V (C1). By contracting V (C2) ∪ {v3, v4} onto z and contracting xv1, we see
e(G[S]) + d2 = 15. By contracting C1 onto v1, we see d1 ≥ 2. Thus by (6), we have
6n− 20 = e(G) ≤ 6n− 40 + 6 · 6− 2− 15 = 6n− 21, a contradiction.
Lastly, suppose e and e1 are disjoint and belong to a 5-cycle of G[N(x)], say e1 = v2v3. If
v7 ∈ N(C1), then by contracting C1 onto v2 and contracting zv0, G ≥ K
=
9
by Lemma 2.11, a
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contradiction. Thus there exists a component C2 6= C1 of G−N [x]−z such that v7 ∈ N(C2).
If any of v2, v5, or v9 belongs to N(C2), it is now possible to contract C1, C2, and z onto N(x)
such that G ≥ K=
9
by Lemma 2.11, a contradiction. So N(C2) contains at least four vertices
of {v0, v1, v3, v4, v6, v8}. From Lemma 2.11, we may assume N(C2)∩N(x) = {v0, v1, v4, v7, v8}.
But now considering C2 and the missing edge v0v4 of G[N(x)] puts us in the previous case.

(14.4) G−N [x] is 2-connected.
Suppose that z is a cut-vertex of G − N [x]. We will show that z must be adjacent to
both ends of some missing edge of G[N(x)], contrary to (14.3). Let C1 be a component
of G − N [x] − z, chosen such that |N(C1) ∩ N(x)| is minimum among all components of
G − N [x] − z. If |N(C1) ∩ N(x)| ≥ 7, then it follows from Lemma 2.12 that for any
component C2 6= C1 of G − N [x] − z, we may contract C1 and C2 onto N(x) so that
G ≥ K=
9
, a contradiction. Thus |N(C1)∩N(x)| ≤ 6. Since G is 6-connected by (9), we have
|N(C1) ∩N(x)| ≥ 5. Then N(C1) contains both ends of some missing edge of G[N(x)], say
v0, v1 ∈ N(C1). Let e be any missing edge of G[N(x)] such that v0v1 and e are disjoint and
belong to the same 5-cycle of G[N(x)], and suppose neither end of e belongs to N(C1). We
may assume e = v2v3. Since δ(G) ≥ 9 by (13), v2 and v3 each have at least two neighbors
in G − N [x] − V (C1). Let wi be a neighbor of vi in G − N [x] − V (C1) for i ∈ {2, 3}. We
may assume w3 6= z. Furthermore, w2 6= w3 by (14.3). Since G−N [x]−V (C1) is connected,
there exists a path P1 in G − N [x] − V (C1) with ends w2, w3, and a path P2 with one end
z, the other end in V (P1), and no internal vertices in V (P1). Possibly, P2 consists of only
the vertex z. Now by contracting P1 ∪ P2 to a single vertex, contracting the edge v2w2, and
contracting C1 onto v1, we add the edges v0v1, v1v2, v2v3 to G[N(x)], and it follows from
Lemma 2.11 that G ≥ K=
9
, a contradiction.
Thus at least one end of every missing edge of G[N(x)] disjoint from v0v1 and belonging
to a 5-cycle of G[N(x)] with v0v1 must belong to N(C1). There are eight such missing edges
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of G[N(x)] which give the 8-cycle v2v3v4v9v6v8v5v7 of G[N(x)]. Since |N(C1) ∩ N(x)| ≤ 6,
either N(C1) = {z, v0, v1, v2, v4, v5, v6} or N(C1) = {z, v0, v1, v3, v7, v8, v9}. In either case,
N(C1) is a minimal separating set of G, so we may put S = N(C1) and let G1 and G2
be as defined before (3), where V (G1) = V (C1) ∪ N(C1). Let G
′
2
= G2 − N [x]. Suppose
{v2, v4, v5, v6} ⊆ N(C1). Then by contracting V (G
′
2
) ∪ {v3, v8} onto z, and by contracting
the edges v0x, v1v7, and v2v9, we see e(G[S]) + d1 = 21, and by contracting C1 onto v0,
we see d2 ≥ 3. But then by (6), 6n − 20 = e(G) ≤ 6n − 22, a contradiction. Thus
{v3, v7, v8, v9} ⊆ N(C1). If z is not adjacent to any vertex of N(C1), then by contracting
Gi − S onto z, we see d3−i ≥ 6 for i ∈ {1, 2}. But then from (6), e(G) ≤ 6n − 22, again a
contradiction. So z has at least one neighbor in N(C1)\{z}. By symmetry, we may suppose
zv0 ∈ E(G). Now by contracting V (G
′
2
)∪ {v4, v5} onto z, and by contracting the edges xv0,
v2v9, and v6v7, we see that e(G[S]) + d1 ≥ 20. Since e(G) = 6n − 20, it follows from (6)
that d2 ≤ 2, that is z has at least four neighbors in N(C1) \ {z}. But this requires z to be
adjacent to both ends of some missing edge of G[N(x)], contradicting (14.3). 
By (2), v0 and v2 have at least two common neighbors w1, w2 ∈ V (G) \N [x]. Similarly,
v1 and v3 have at least two common neighbors u1, u2 ∈ V (G) \N [x]. By (14.3), the vertices
w1, w2, u1, u2 are distinct. By (14.4), there exist two disjoint paths P1, P2 with one end in
{w1, w2} and the other end in {u1, u2}, and all internal vertices in G−N [x]. By relabelling
if necessary, we may assume Pi has ends wi, ui for i ∈ {1, 2}. Furthermore, there exists a
path Q with one end in V (P1), the other end in V (P2), and all internal vertices in G−N [x].
Now by contracting P1 and P2 each to a single vertex, contracting Q to a single edge, and
contracting the edges v1u1 and v2w2, we have added the edges v0v1, v1v2, v2v3 to G[N(x)],
and it follows from Lemma 2.11 that G ≥ K=
9
, a contradiction. 
(15) G−N [x] is disconnected for any vertex x ∈ V (G) with d(x) ∈ {9, 10, 11}.
Suppose there exists a vertex x ∈ V (G) with d(x) ∈ {9, 10, 11} for which G − N [x]
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is not disconnected. By (14), it follows that G − N [x] must be the empty graph, that is
N [x] = V (G). But then G[N(x)] is a graph on at most 11 vertices with δ(G[N(x)]) ≥ 8,
and so e(G) ≥ 4|G| > 5|G| − 14. Thus G[N(x)] ≥ K=
8
by Theorem 1.1, a contradiction. 
(16) Let x ∈ V (G) with d(x) ∈ {9, 10, 11}. Then there is no component C of G − N [x]
such that dG(y) ≥ 12 for every y ∈ V (C).
Suppose such a vertex x and component C exist. Let G1 = G − V (C) and G2 =
G[V (C) ∪ N(C)]. Let d1 be as defined before (5). From (5), e(G2) ≤ 6|G2| − 20 − d1 =
6(|C|+ |N(C)|)−20−d1. By contracting the edge xz, where z ∈ N(C) has minimum degree
d in G[N(C)], we have d1 ≥ |N(C)| − d − 1, and hence e(G2) ≤ 6|C| + 5|N(C)| − 19 + d.
Let t = e(V (C), N(C)). Then e(G2) = e(C) + t+ e(G[N(C)]). Since 2e(C) ≥ 12|C| − t and
2e(G[N(C)]) ≥ d|N(C)|, we have 2e(G2) ≥ 12|C|+ t+ d|N(C)|. Hence 12|C|+ 10|N(C)| −
38+2d ≥ 2e(G2) ≥ 12|C|+t+d|N(C)|, which gives −t ≥ d(|N(C)|−2)−10|N(C)|+38. Note
that G[N(x)] has minimum degree at least 6 by (2), and so G[N(C)] has minimum degree at
least 6− (dG(x)−|N(C)|). Thus d ≥ |N(C)|+6−dG(x) ≥ |N(C)|−5. Furthermore, by (9)
and (14), 6 ≤ |N(C)| ≤ dG(x)−1 ≤ 10. It follows that d(|N(C)|−2)−10|N(C)| > (|N(C)|−
5)(|N(C)| − 2)− 10|N(C)| = |N(C)|2 − 17|N(C)|+ 10 ≥ −62. Therefore −t ≥ −24. Since
2e(C) ≥ 12|C|− t, we get e(C) ≥ 6|C|−12. If |C| ≥ 9, then by the minimality of G we have
C ≥ K=
9
, a contradiction. Therefore, |C| < 9. From the inequality 6|C|−12 ≤ e(C) ≤
(
|C|
2
)
,
it follows that |C| ≤ 2. Since every vertex of C has degree at least 12 in G, and since
dG(x) ≤ 11, it follows that |C| = 2 and dG(x) = 11. But now C is a component with
N(C) = N(x), contradicting (14). 
Now choose a vertex x ∈ V (G) with d(x) ∈ {9, 10, 11}, such that G − N [x] has a
component C of minimum order. Then choose a vertex y ∈ V (C) of least degree in G.
By (13) and (16), we have dG(y) ∈ {9, 10, 11}. Let K be the component of G − N [y]
containing x. We claim that N(K) contains all vertices of N(y) that are not complete to
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all other vertices of N(y). Suppose not, and let z ∈ N(y) such that z has a nonneighbor
in N(y) \ {z} and z /∈ N(K). If z ∈ N(x), then z ∈ N(K), and so z /∈ N(x), and
thus z ∈ V (C). Therefore dG(z) ≥ dG(y) by the choice of y. Thus z has some neighbor
z′ ∈ N(x) ∪ V (C) \N [y]. Now if z′ /∈ V (K), then the component of G−N [y] containing z′
would be a proper subgraph of C, contradicting our choice of x and C. Therefore z′ ∈ V (K),
and thus z ∈ N(K), a contradiction. Thus N(K) does contain all vertices of N(y) which
are not complete to all other vertices of N(y), but this contradicts (14). This contradiction
completes the proof of Theorem 1.2. 
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